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In this paper we present a model for the growth and evolution of Internet providers. The model reproduces
the data observed for the Internet connection as probed by tracing routes from different computers. This
problem represents a paramount case of study for growth processes in general, but can also help in the
understanding the properties of the Internet. Our main result is that this network can be reproduced by a
self-organized interaction between users and providers that can rearrange in time. This model can then be
considered as a prototype model for the class of phenomena of aggregation processes in social networks.
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Networks are systems composed by elementary units, thieactal behavior in several cases ranging from the web-page
nodes connected by directed or undirecttidks. The num-  statistics[10,11] to scientific citation[12] actors in the same
ber of links pointing to a node, is known as the degree of movie casf13-16. Some of the networks considered dis-
the node, whose distribution gives the netwodanectivity ~ plays these scale-free properties, as a result of some optimi-
This simple structure is almost ubiquituous in nature, and th&ation, as, for example, for the blood vesg@kor the river
reason of such a success is often linked to the optimization d#asins[17]. In others, a “small world” phenomenon arises
some cost function. For example, in all transport processelst], and through suitable shortcuts, all the points are con-
networks are selected to efficiently distribute the quantitieiected to one each other in a few steps. Together with the
of interest among the sites connected. Networks could alsBUmerical analysis upon real social networks, a strong effort
be used to describe both the spreading of information ofs Provided by the physicists’ community to find suitable
diseaseg1] and physical structures as, for example, rivertheoretical models for such systems.
basins[2], biological distribution networkgvascular sys- The set of data is obtained through a computer instruction

tems [3], and some properties of the hardware layout ofthat allows one to trace the route from one terminal to any
Internet [4'5] A detailed discussion of such networks and allowed address in the Internet domain. The UNIX command

some models are described in Ri]. tracerouterecords all the nodes through which the target is
Here, we present some experimental measures of the né€ached from the starting point where the command is run.
work of Internet providers and we propose a Simp“ﬁedThese paths can change over time for the following reasons.
model in order to explain them. It is worth to note that this First, the routes reconfigure since the path is variable accord-
network does not correspond to the one composed by th@g to the traffic at the moment, or more generally, according
web pages. This network is composed by the physical cont© the availability of the connection. Second, the whole struc-
nections of the computers and the measures come from tHere is physically evolving due to the new connections that
analysis of the data provided by the Internet Mapping Projectake place. Nevertheless, the main statistical properties of
[7]. Hereafter, we are going to discuss only this particularthis structure remain constant in time even if the total num-
system and we do not want to describe neither web pageaer Of connections increases. These data can be put in a
network nor other social systems. Recelifi§, some statis- treelike structure such that providers are organized in levels:
tical properties of the connectivity of this physical network the main providers on the top level are linked to secondary
of internet have been investigated. For such a system, a treproviders that provide the connection to successive levels
like structure has been found by checking the routers condown to the common user level. The degree of the providers
nections from a starting point. Despite the bias introduced byan now be computed over all the levels of the network. The
observing the Internet from a single node, some statisticaain result is that the probability density functidfDP) has
feature can be established, as the power-law distribution dP find a node with degrek scales following a power law
the degree. Here, instead we are focusing on the possiblé€€ Fig. 1 where the exponeny is equal to 2.2:
dynamics behind the formation of such a structure. The main
result from the data analysis is the power-law distribution of P(k)=k™7. (1)
a site degree showing the absence of a particular scale. It
would be tempting then, to assume that such a scale-fre®ince a similar value is also known to describe the power-
distribution has been originated by some sort of optimizatiodaw distribution of links in web pages, it is possible that a
of the supply present in the providers market. This is thesimilar evolution holds for both of them.
main idea inspiring our dynamical model that should mimic In particular, we propose a mechanism that describes the
the evolution of a system of users and providers. The modelevelopment of the connections between two subsequent lev-
we propose here is in close relationship with a prototypeels in a network. In our model, two different classes of nodes
growth model introduced by Simo[8] and recently im- are present, representing providers and uéiat possibly
proved[6,9] in order to explain the widespread occurrence ofcould act as providers for a lower level of userSites rep-
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F~_ 1 T T oo nected to a provider with a probability proportional to its
- degree. Then, th&h provider acquires a new link with a
107" — slope=2.17 Internet (18.01.99) probability (1—r)k; /K. A provider is added with probability
* --- slope=2.17 Internet (18.04.00)

r at each time step. Each user has the same probabityol/
be rewired to the new provider. Thus, a provider with degree
k; losesl users (>0) with “binomial” probability Ps(1)

. |--- slope=2.15 (model)

D(t)
Pc(|)=r( | )(ki/K)l(l_ki/K)D(t)la 3

6000 T

whose mean value iB(t)k; /K. The degree of a provider
does not change with the remaining probability—(d) (1
—ki/K)+r(1—k;/K)P®_ Since new links are created at
rate (1-r) per time step, the number of links at tinhés

My K(t)=(1-r)t, for larget values. Thus, one can compute the
i g o e time evolution of the average connectivik(t) over many

. ' realizations of the model. To do that, we assume that the

0 35000 70000 timesteps correlation betweek(t) andD(t) can be neglected and that
10— Lol Ll L the average of the two can be taken independentlylaft)l

10 10' degree k 10° 10° be replaced byl in the mean value of Eq3):

4000

k()
2000

FIG. 1. The degree distribution in the model witk-0.29 and . . E(t) E(t)
d=0.41 and in the real Internet data collected on different days. In kKi(t+1)=k;(t)+(1—r) K0, -r K (4)
the inset there is the temporal behavior of the degree of a provider. (t) )

resenting providers can have several links, pointing to othewhere the second term in the right-hand side of this equation
sites corresponding to users. Users, on the other hand, havé@rresponds to the addition of a new user, and the third term
single link, pointing to their provider. They are not allowed corresponds to the subtraction of links after the birth of a
to have more than one provider. By iterating this microscopi/1€W provider. This equation can be written in the continuous
cal interaction level by level one could, in principle, recoverlimit as
the whole tree structure of the network. At each time step, a _
node is added to the network. The new node can be either a %_ 1-(d+ 1)r_.
provider with a probabilityr or a user with probability 1 dt  (1-nt
—r. When a provider is adde®,(t) users in the network are
chosen at random, and rewired to the new provider. Links td his, with the boundary conditiok;(t;) =d, gives
the previous providers are then removed. We assume that the -
integer numbeD(t) is a random variable with Poisson dis- E(t)=d( t) , (6)
tribution and mean valud. This aims to mimic the fact that
a real provider decides to enter the network when it expects
to acquire a certain number of connected usérs) average, WHere
according to some microeconomical optimization rule. The 1

. . (d+1)r
randomness oD(t) takes into account inexact forecasts o= ————— (7)
about the number of rewiring users. 1-r

This addition of a provider does not change the total num-

ber of links in the network. Instead, when a user is added it iéDhne can tsr?et thek;(t)éK(t) goes t%o as goesftoo; fortahll g hol
linked through a new link to an existing provider. Then, theS1OWING that no node grows in degree as fast as the whole

addition of a user increases by one the total number of ”nksr)etwork. The stability of the network is then assured. The

o - : : dynamical behavior described in E() is in good agree-
The probability that a provider acquires a new user is pro ent with the numerical simulations of the model, whose

portional to its degree, that is, the number of users it is linked" . . . : )
to. This rule known as “richer gets richer condition” is at the d_ynam|ca| properties are ShOWF‘ n th? inset of F'g'. 1fora
basis of the typical behavior observed in scale-free network ingle provider. By means of this relation _petween time "?‘”d
[9,14), different from the features shown by an ordinary ran- egree, we can now compute the probability that a provider
dom graph 18]. We callk;(t) the degree of théh provider has a degree less than P(ki<k). We assume thaP(k;

®

(introduced at time;) and <k)=P(k;<k). Solving Eq.(6) for t;, one can see that
t, (k| [-ra-(d+y]
K1) =20 ki(t) 2 ki<t><k@;>(a) ®
I

the total number of linkgand usersin the network, at time This means that providers with a degree less than a given
t. A user is added at a rate £Ir) per time step and is con- valuek are those ones that have been added to the network
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after a corresponding time, and have not had time enough t¢  {Q*g—— — T — T

develop a cluster ok users around them. Since nodes are lr
added at a uniform rate, 10°E — 1=0.1 (slope=2.0)
10_2;_ o ---- 1=0.2 (slope=2.1)
P(ki<k)=P(t; /t>(k/d) [t rA=(@+ 1)) K g o= i SEee)
—[1-rA-(d+1 £ RN
L ( E) [1-r/1—(d+1)r] © o W
d 107 é_ :»;;3‘,%;!
We can then write for the PDB(k) =dP(k;<k)/dk, which ~_ 10°F=——- '1'0'1 E— "1'0'2 —— 0
; )
ylelds ﬂ-' IOOE T LI II T T  § LU II T T T LI IE
~k™ 7 B 4
p(k)~k=7, (10 10 — u=0.85, p=0.1, f=0.5
10‘2! ---- u=0.75, p=0.2, £=0.5 =
where B - u=0.65,p=03,£=0.85| 3
10 F =
2—(d+2)r 4 E
-—_ - = 0°E E
Y1 (dr r (11) I :
U E
Equation(11) provides us with an upper bound onsince 10—6: T --'-1 T --'-2 L L
one can see that the exponent diverges=afl/d+1. Nu- 10 degreek 10 10
merical simulations, as shown in Fig. 1, follow the predicted
behavior. We recall here that the external parametarsdd FIG. 2. (above Degree distribution for different values of the

are estimated by statistical surveys of the internet. ThrougRroviders birth rate allowing users to have more than one provider.
the tracerouteprocedure one can describe the connection tdPelow Degree distribution with different user birth rates=1

the outlet by means of a treelike structure. However, the ' and probability of merging.

iteration of this procedure does not show the whole structure

of a given region of Internet, since cross-links between siteghe unity in the right-hand side takes into account that each
at the same distance are not seen. Yet, some statistical progite has a provider and a link that points to it, this is not
erty of the considered network can still be established. Weonsidered in our model and must be explicitly added. The
assume thatracerouteshows only a given fractiom<1 of  second term is the ratio between users and providers in our
the real numbek of links pointing to a site. This, however, model.

does not affect the shape of the distributi@hit is a scale- This equation provides us with the valuerc£0.29. Re-
free one and the reliability of our statistical survey. We then placing this value into Eq.11) one can recover the value of
call kq¢s= uk the apparent degree of a site. By theceroute  d=0.41. Such a value dd, smaller than 1, shows that our
picture of the physical network of Internet, the degree distri-model describes the real structure of internet when some pro-

bution densityg(kefs) shows a power-law behavior vider is introduced without rewiring any user, as it is sug-
gested by the third term in the right-hand side of . If a
a(Kefr) ~Kerf » (120 new provider is born and no user gets rewired, the provider is

sentenced to death, since a provider without users cannot
wherea=2.2. For the considerations made above, the exposyrvive.
nent found by thdracerouteanalysis is a good approxima-  Until now computation has been done in the limit hypoth-
tion of the real value. This value is S|Ight|y different from the esis of connection between users and on|y one provider_ One
2.48 recovered by the analysis of Rp4]. We believe that  can study through numerical simulation the behavior when
this difference arises mainly from the growth of the Internetysers are allowed to be linked with different users. In this
(that is now very different from that at the timeThis en-  case, when a provider is added, users rewired to it keep their
ables us to writey=2.2. The connectivityk) cannot be old provider connection.
computed bytraceroute since the fractionu is unknown. In our model, the possibility to be connected to several
Nevertheless(k) is provided in other published statistical users corresponds to neglecting the third term in &g,
analysis[19], according to which the connectivity is 3.4. which takes into account the probability for a provider to
Nevertheless, we checked for the first layers if the data andese a user due to a newborn provider, and repla&ify,
lyzed from the measured value was not that far from thehe total number of links, by
above one. We also notice a decrease of the connectivity with
the distance from the source wéceroute We decide here to
focus on the first levels that can be effectively probed by this
analysis. If we assume that our model describes the way a
network is built at each level, the predicted value ¢ky is since now one link is added when a user is added, é&nd

links, on average, when a provider is added. Performing the

_ 1-r same computation as above, one would expect to obtain a
(ky=1+—. (13 N .
r scale-free degree distribution, with an exponent

K(t)=[1+r(d—1)]t, (14
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2+r(d—2) are advantaged in acquiring new links. This model gives an
DA a— (15 exponenty=3, while the real exponents found in the social
1-r

networks considered above are in the range between 2 and 3.
This behavior is confirmed by simulations, as can be seen iince then, other models of growing networks have been
Fig. 2. In addition, we simulated the case in which providersproposed, whose degree distribution are closer to the real
merge at a uniform rate. We assume that at each time stepnes in the corresponding real netw¢@0,21]. The model
providers are added at a ratewith a probabilityf<r, a  we introduced describes the dynamical development of a net-
randomly chosen provider vanishes and users connected toyitork composed by two classes of nodes, as it is the case in
are rewired to another provider, according to the richer-getsthe internet connections between providers and users. In fact,
richer rule, and users are introduced with probability 1 the physical structure of Internet is made of superposed lev-
—r—f. The assumption made dnis needed to avoid the els of nodes, corresponding to providers, subproviders, or
extinction of almost all providers, as each merge decreasggsers at the lowest level, whose distribution of degree has
by 1 the number of providers. If the merging rate is higherpygep, recently found to show a power law behavior. The
than the birth rate of new providers, the number of providersyage| exhibits the same scale-free shape depending on the
rapidly tends to 1. As well as in the previous versions of thegyternal parameters i.e., the providers fraction in the total
model, this growing network displays a scale-free distribuyymper of nodes, and, the average number of users who
tion of degree. This result is shown in the lower part of Fig-join a new born provider. The parameters can be naturally

2, where we plotted the degree distribution for different val-yneq to realistic values to recover the exact exponent of the
ues ofr and constant This scale-free behavior characteristic 4 of the distribution of the degree.

of “social” networks has been recently explain¢ti4] by
means of two ingredients: first, the number of nodes has to We acknowledge the support of EU, Contract No. FM-
grow in time, and second, the nodes the with greater degré®@XCT980183.
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